Step size in Simpson's-rule numerical evaluation of an integral. Enthalpy, J/mol .
The rate constant for a process. For this report, the dimensions are (m3 of catalyst pellet)/mol)"-'s-'.
One fewer than the number of terms in Simpson's-rule numerical evaluation of an integral.
Index in series expansion of Appendix A's analytical evaluation of RHS of Eq. (111-52).
Natural logarithm.
Characteristic length of a catalyst particle, m. In this report, the characteristic length is taken equal to the volume of the particle divided by its external surface area. For a spherical particle, L = w3. Distance from center of catalyst particle, m.
Gas constant, 8.3 14 J/(mol)(K) or 8.3 14 x lo6 (MPa)(m3)/(mol)(K).
Radius of spherical catalyst particle or effective radius of differently shaped particle, m.
Temperature, K.
Volume, m3.
Gross volume of a single catalyst pellet, m3.
Greek symbols a 1
Parameter in approximation to dimensionless temperature profile within catalyst particle, dimensionless. It is shown to have the relationship a] = 1+[AHr(-r~exp)R2/9T~h].
a 2 P A Parameter in approximation to dimensionless temperature profile within catalyst particle, dimensionless. Eliminated in preference to al through the relationship a 2 = 1 -a 1 ].
The maximum intraphase adiabatic dimensionless temperature rise.
Change in a property upon completion of a reaction. Indicates subscripted quantity is that for the catalyst particle.
Refers to the change of the thermodynamic property during the chemical reaction in question.
Indicates that this is the value of the subscripted quantity at the exterior surface of a catalyst peIlet or particle.
For n*-order reactions, this number indicates that the subscripted quantity is valid for a firstorder system; for Langmuir-Hinshelwood reactions, this number indicates that the subscripted quantity is valid for the value in the numerator of the rate expression.
For @-order reactions, this number indicates that the subscripted quantity is valid for a secondorder system; for Langmuir-Hinshelwood reactions, this number indicates that the subscripted quantity is valid for the value in the denominator of the rate expression.
ACRONYMS

Right-hand side of an equation or expression,
With respect to (an expression, equation, or parameter).
GLOSSARY
Catalyst effectiveness factor. Actual rate divided by rate that would occur if temperature of the entire catalyst were identical to the exterior surface temperature and if entire inner surface of the catalyst were exposed to the exterior concentrations of reactants and products.
entire internal surface of the catalyst were exposed to the exterior temperature and concentrations, divided by an approximate heat-transfer rate within the pellet. It is dimensionless; DaIv = -AHrroL2/hTo.
Damkiihler Group IV. In this report, it is energy that would be generated within a catalyst pellet if Rate Constant. In reaction-rate expressions, a proportionality factor times the component concentrations in the reactor raised to particular powers gives the reaction rate per unit time per unit volume or reaction rate per unit time per unit mass of catalyst. The proportionality factor is termed the rate constant. Ideally, it is independent of pressure or reactant concentration and depends only on temperature. In real situations, it often shows some dependence on pressure or reactant concentrations in addition to the temperature dependence. True units of the rate constant are [mols created/(s)(m3)](ni3/mol)" or [mols created/(s)(kg)](m3/mol)"; convention has canceled "mols created" with one of the mols in the denominator to yield (m3/mol)"'s~' or (m3)nmo1n-1 [(kg)(s)]" .
Svngas. Synthesis gas, a mixture of hydrogen and carbon monoxide. Depending on the final product made fi-om the syngas, the ratio of hydrogen to carbon monoxide in the gas may vary from one to three. rate limiting conditions divided by reaction rate in the pellet under exqreme diffusion-rate-limiting conditions.
Thiele modulus. A dimensionless group equal to the reaction rate in a pellet under extreme surface-
SIMPLE RELATIONSHIPS FOR ESTIMATING INTRAPARTICLE TRANSPORT EFFECTS FOR CATALYTICALLY PROMOTED ENDOTHERMIC REACTIONS Lee F. Brown
Engineering Science and Applications Division Los Alamos National Laboratory, Los Alamos, NM 87544 ABSTRACT Relationships for estimating effectiveness factors for porous-solid-catalyzed fluid reactions can result from assuming approximations to temperature and concentration profiles. Approximations designed to simplify the outcome result in simple, explicit, analytic relationships for both isothernial and nonisothermal n*-order reaction systems. For isothermal systems, formulas developed predict effectiveness within 25% of the true isothermal effectiveness factors (q's) over the range 0.1 > q > 0.99. For isothermal or endothermic reaction systems with q > 0.65, errors are less than 10%. Even in the maximum-error region, estimates for endothermic systems are within a factor of two of those obtained by solution of the rigorous heat and mass transfer equations. For isothermal or endothermic systems with q > 0.95, errors are less than 1%. Thus the formulas can also serve diagnostic uses that confirm presence or absence of significant internal heat or mass transport effects in porous reacting systems. Extension of the approach to non-nfh-order reactions is possible; formulas are derived for simple isothermal and nonisothermal Langmuir-Hinshelwood reaction systems. Application of the work to exothermic reactions was not tested, but steeper gradients in such systems would tend to degrade accuracy of the relationships. The equations derived in this work are simpler and easier of application than any others proposed thus far.
I. EXECUTIVE SUMMARY
This report develops new and simpler equations for estimating effectiveness factors for porouscatalyst-promoted endothermic reactions. The relationships can also apply to fluid-solid reactions within porous materials. In addition, the formulas can serve diagnostic uses that detect presence of significant internal heat or mass transport effects in porous reacting systems.
Many previous investigators have studied this problem because of the tedious effort required to solve the rigorous mass and heat transfer equations involved. In the present report, approximations to temperature and concentration profiles enable derivation of equations for simple estimation of effectiveness factors. This work uses the following approximations for dimensionless temperatures and concentrations within a porous particle:
Properties in common with those of rigorous profiles and mathematical simplicity of resulting formulas dictate the forms of these approximate profiles. In these approximations, a1 is a function of heat of reaction, external temperature, porous-particle radius, and experimental reaction rate. The parameter o is a fimction of external concentrations, porous-particle radius, effective internal difisivity of reactants, and experimental reaction rate. The dimensionless quantity p is the ratio of distance from the particle center to particle radius.
Employing these approximations, the report derives explicit equations for estimating effectiveness factors for both isothermal and nonisothermal n*-order reaction systems. For isothermal systems, the For nonisothermal n"-order systems, the development derives the relationship
in which E is EYRTO, the frequently-observed reaction activation energy term evaluated at the exterior temperature, and a 1 is the parameter in the dimensionless temperature profile described above. The nonisothermal relationship requires numerical evaluation of the integral to obtain the approximate effectiveness factor. For effectiveness factors above 0.5, the three-term Simpson's rule, q = -[(a,) 1 --E e -no +4(05+0.5a1) -E e -0.511~3 6 provides simply calculated estimates for endothermic reactions that are within 5% of values obtained using more elaborate numerical integrations. For lower effectiveness factors, more terms are needed in the Simpson's-rule integration to converge to the best value. Tests of the approximation compared its predictions for endothermic reactions with those calculated from solution of the appropriate rigorous mass and heat transfer equations. At effectiveness factors greater than 0.65, errors are less than 10%. At q > 0.95, errors are less than 1%. Accuracies are lower at lower effectiveness factors, presumably because steeper internal temperature and concentration gradients may cause the temperature and concentration-profile approximations to be less exact. Estimated factors for endothermic reactions are within a factor of two of the rigorous values even in regions of greatest deviations.
The approach is applicable to some non-integer-order reaction systems. Derivations demonstrate suitability of the concept in creating effectiveness-factor-approximation relationships for simple isothermal and nonisothermal Langmuir-Hinshelwood reaction systems.
Version of June 16, 1998 Rational approximations for effectiveness factors can be useful for diagnosis, i.e., to test for presence or absence of mass or heat effects in solid-catalyst-promoted reactions. The approximations developed here can serve this purpose easily. At values of q 2 0.95, the approximations predict effectiveness factors within 1% of the rigorous values. As such, they can be used to judge presence or absence of mass or heat transport effects using any reasonable criterion deemed appropriate by an investigator's judgment.
While this work emphasizes endothermic reaction systems, its derivations make no assumption concerning endo-or exothermic natures of the reactions. Therefore they might have some use for estimating effectiveness factors of exothermic reactions as well as those of endothermic reactions. The study did not test accuracies of this approach for exothermic reactions, however. Typical temperature and concentration profiles within porous particles have steeper gradients in exothermic systems than in endothermic systems. As a result, estimates based on approximate profiles would probably give less accurate results for exothermic systems.
The derivations here assume spherical porous particles. Other geometric shapes used by various investigators include cylindrical and slab particles. Deriving equivalent equations for cylindrical particles is straightforward. Deriving the equations for a slab particle is not as simple, but might be possible.
The trend in developing rational relationships for approximating effectiveness factors has been toward ever more simple equations. The equations derived in this work are simpler and easier of application than any others proposed thus far.
EFFECTIVENESS FACTORS
A. Calculation and Estimation of Effectiveness Factors
A catalyst's effectiveness factor is the actual reaction rate divided by the rate that would occur if the entire inner surface were at the exterior surface temperature and exposed to exterior concentrations. This report develops new and simpler equations for estimating effectiveness factors for porous-catalystpromoted endothermic reactions. The relationships can also serve diagnostic purposes, for they can detect any significant internal heat or mass transfer effects in such systems. Additional work considers possible extensions to exothermic reactions.
Early investigators in this field began with analytic solutions to internally isothermal situations. In these cases, only mass transport affects the internal reaction. Internally isothermal systems are important, because thermal conductivities of catalyst particles are usually much higher than conductivities in external fluid boundary layers. Thus any temperature difference in a system may occur within the boundary layer,
4
Version of June 16, 1998 leaving the catalyst particle essentially isothermal. Carberry (1976) analyzes this situation, and gives criteria for judging whether a catalyst particle is or is not essentially isothermal.
Internally nonisothermal systems demand equations for both mass and heat transport within porous materials, and these require numerical solutions. Tinkler and Metzner ( 196 1) and Weisz and Hicks ( 1962) were early in presenting such solutions. Aris (1 975) reviews work with both isothermal and nonisothermal systems through 1973, and presents numerous insights into mathematical behavior of these systems.
The tedious nature of numerically solving simultaneous intraparticle mass and heat transport equations has led investigators to derive rational relationships that determine approximate values of effectiveness factors. This eases estimation of the factors. Many efforts consider only isothemial systems (e.g., Gottifredi et al. 1981a ,b, Suenson et al. 1983 , Haynes 1986 , Gonzo et al. 1988 , Yin and Li 1995a , but some treat nonisothermal systems as well (e.g., Kubota and Yanianaka 1969 , Wedel and Luss 1980 , Gonzo and Gottifredi 1982 , 1983a . Work in this area through 1982 is reviewed by Gonzo and Gottifredi (1983b) . Since then, two trends appear. One is toward analyzing more complex systems (e.g., Gonzo et al. 1988 , Goto and It0 1990 , Yin and Li 1995a , the other toward simpler relationships to reduce effort required for estimating effectiveness factors (e.g., Suenson et al. 1983 , Haynes 1986 ). The present work continues the trend toward simpler approximate relationships.
B. Diagnostic Criteria for Mass and Heat Transfer Limitations
A second use of effectiveness-factor theory is determination whether intraparticle transport influences a fluid reaction catalyzed by a porous solid. This may be necessary for laboratory work in which the investigator is attempting to find the true kinetics of a catalytically promoted reaction.
Researchers have developed criteria for this purpose. (The criteria can also apply to a heterogeneous reaction between a fluid and a porous solid.) Weisz and Prater (1954) show that if the Thiele modulus squared times the effectiveness factor is significantly less than 1 in a first-order reaction system, the system is unaffected by intraparticle mass transport. Since the Thiele modulus squared times the effectiveness factor for an n*-order reaction equals the quantity IreXplL2/De&,, the criterion uses only a single rate measurement and easily measured or estimated quantities. Bischoff (1967) extends this criterion to include non-first-order reactions. Hudgins (1 968) derives a criterion that, while less precise than the Weisz-PraterBischoff standard, is easier to apply for systems with non-integer reaction orders.
Another approach to discerning whether intraparticle transport effects exist uses relationships of the type mentioned above in Section A for approximating effectiveness factors. If an investigator judges that an effectiveness factor greater than 0.95 indicates no significant transport effects, then one of the rational relationships discussed above can determine whether the approximate effectiveness factor is greater or less Simple Effectiveness Factor Relationships 5 Version of June 16, 1998 than 0.95. If the investigator's judgment decrees that the effectiveness factor must be greater than 0.99 to ensure absence of transport effects, the same relationship can be used with this criterion. These relationships tend to be more accurate at higher effectiveness factors, so they are usually reliable in this regard. They are also more precise than standards such as the Weisz-Prater-Bischoff or Hudgins criteria, that give only general guidelines as opposed to the exact measures possible with the rational approximations.
C. Scope of This Work
This work emphasizes catalytically promoted endothermic reactions. These reactions comprise a significant subset of chemical reactions with many of them producing large quantities of basic chemicals.
Steam reforming of methane to form syngas ( A H~,~K )
= +226 kJ/mol) and dehydrogenation of cyclohexane to form benzene (AH(mK) = +2 19 kJ/mol) are but two examples of highly endothermic catalytically promoted reactions carried out on a mega-tonnage scale. The methanol-steam reaction ( A H (~Q = +62 kJ/mol), with its potential for creating a hydrogen-rich feed for &el-cell-propelled automobiles, provided the original inspiration for this work.
The development carried out below first applies to endothermic n' -order reactions within spherical catalyst pellets in which a significant decrease in temperature occurs. Relationships derived can give quantitatively adequate (within 10%) estimates of catalyst effectiveness factors when the factors lie between 1 and 0.65. They also give estimates within a factor of two of values rigorously obtained at all levels of effectiveness factor. Eliminating heat transport gives a simple relationship for isothermal systems that estimates effectiveness factors within 25% of rigorous values over the entire range of effectiveness factors tested. The discussion treats extensions of this work to Langmuir-Hinshelwood systems, to exothermic reaction systems, and to non-spherical geometries. General applications of the developments close the work. It is pointed out that the equations developed here for estimating effectiveness factors are accurate to within 1% at effectiveness factors above 0.95. Thus the equations can determine precise effectiveness factors in the high range when an investigator wishes diagnostic criteria to ensure a lack of significant mass and heat transport effects.
THEORETICAL DEVELOPMENT A. Effectiveness Factor of a Spherical Catalyst Particle
Because shapes of most real catalyst particles do not lend themselves to simple mathematical analysis, previous works in this area have considered three idealized particle shapes-slabs, cylinders, and spheres. This development considers a spherical particle, as this shape most closely resembles many actual Version of June 16, 1998
catalysts available commercially. Extension of the approach to cylindrical models is direct. As mentioned earlier, the equations assume an #-order reaction. The development also assumes an Arrhenius temperature dependence of the rate constant.
The rate expression for a reaction consuming a substance A that is n&-order in A is -ERT n rA=-Ae C, (111-1) and the reaction rate of A within an entire catalyst particle is
Assuming a spherical particle, and changing the variable to distance from the particle center r, gives R rA(p) = -A l e -E/RT C, n 4nr2 dr .
0
If there were no transport limitations, the total rate per particle would be
The effectiveness factor q of the catalyst particle (cf. Section 1I.A) would then be
The dimensionless variables 
B. An Approximation to the Temperature Profile
The temperature profile within a spherical catalyst pellet must be symmetrical. A corollary to this has the derivative of temperature with respect to (w.r.t.) radius equal to zero at the pellet center. As mentioned above, past investigators have favored parabolas for profiles, but this study uses the natural logarithm of a cubic function:
Mathematical characteristics dictate this form. Use of this function results in a simple expression for the effectiveness factor possessing reasonable accuracy.
This approximation automatically satisfies the required symmetry condition at p = 0: (de/dp)l,=o = 0.
This form also implies that the natural logarithm of al is the value of 0 at p = 0. Looking at the Simple Effectiveness Factor Relationships The parameter al is a positive number greater than 1 for endothermic reactions, since 8 is positive at all points within the particle [(To /T) > 1 everywhere]. Equation (111-24) reflects this.
C
. An Approximation to the Concentration Profile
Just as the previous section derives a one-parameter approximation to the temperature profile, this section derives a one-parameter approximation to the concentration profile, 5 = f(p), 0 I p I 1. The experimental information available that appears to be strongly related to internal concentration is the product appearing in the Weisz-Prater-Bischoff criterion, q+'. For an n~-order reaction consuming substance A in a spherical catalyst particle,
Since this product is related to internal concentration, it is desirable that the parameter in the approximation be some direct function of q$*.
The following delineates properties of the true profile; as such they are desirable properties of the approximate profile.
At p=O: 3 = 0 (the symmetry condition Version of June 16, 1998 To obtain the gradient at p= 1, the moles of reactant consumed during the reaction at steady state are equated to moles of reactant entering the particle at the exterior surface. = 3 4 (gradient at exterior surface of particle) Additional limiting properties are:
As q$2 + 0: 5 + 1, 0 I p 5 1 (no transport effects) .
d5 dP
As q$2 + 0: -+ 0 0 I p I 1 (no transport effects) (transport completely limiting; no reaction within particle) . Version of June 16, 1998 5 2 0, 0 I p I 1 (impossibility of negative concentrations) .
As q+2-+co: 5 + 0 , O < p < l (transport completely limiting; no reaction within particle) .
After several trials, the function chosen for this study is
To simplifL notation, let Q = q+', so the dimensionless concentration approximation becomes can obtain an approximate numerical evaluation of the integral. Choosing h as 0.5, and yo, y~, and y2 as 0, 0.5, and 1.0, respectively, give to be valid predictors of the effectiveness factor is that they give an effectiveness factor of 1 when no transport limitations exist. In this situation, both temperature and concentration profiles are flat, a] = 1, and Q = 0. When a1 = 1 and Q = 0, Eq. 011-52) becomes simply
This first necessary condition is thus satisfied. The parameter al may approach one when there is a low heat of reaction, a low reaction rate, a high thermal conductivity, or any combination of these.
Whatever the cause, the temperature profile is flat when no transport limitations exist. Similarly, an approximate zero value of w may result from a low reaction rate or a high effective diffusion coefficient.
Either way, the concentration profile is also flat when no transport limitations exist.
2. Situation where only mass transport limits reaction rate. As mentioned earlier, thermal conductivities of catalyst particles are usually significantly higher than conductivities of fluids composing the boundary layers. For this reason, the principal temperature drop in either an endothermic or exothermic Since the integral in Eq. (IV-3) can be integrated analytically, there is no need for numerical evaluation to estimate the effectiveness factor when heat transport effects are negligible. This approximation should be valid when only intraparticle mass transport influences the system.
As 8 -+ 0 throughout the particle, the dimensionless temperature at the particle center al + 1.
This leads to a second approach to obtaining Eq. 
q = o 30
It follows directly that
Thus, if 4 is specified, Eq. (IV-8) can calculate the rigorous q and Eq. (IV-9) can calculate w. Equation For non-first-order systems, the mass balance is nonlinear, so computation of the rigorous effectiveness factor usually requires numerical procedures. Nevertheless, an analogous procedure can still test the approximation theory. If a situation specifies 4 or terms composing this dimensionless group, Eq. (IV-5) can be solved numerically to give the dimensionless concentration 5 as a function of dimensionless radius for 0 5 p 5 1. The effectiveness factor can then be evaluated from Eq. (IV-2). Given 4 and the rigorous effectiveness factor, a follows. Equation (N-3) then gives the approximation-theory estimate of the effectiveness factor. Appendix B gives the text of the code used for solving Eq. (IV-5) and calculating effectiveness factors for a second-order system.
Using these approaches, calculations obtained rigorous and approximate effectiveness factors for first and second-order systems for Thiele moduli in the range 0.1 5 4 5 10. Table 1 presents results of these tests. Qualitatively, the table shows that the approximation theory can tell immediately whether intraparticle mass transport is influencing reaction rate. If the approximation theory predicts the isothermal effectiveness factor to be significantly less than 1 , the rigorous isothermal effectiveness factor is also going to be significantly less than 1. The last observation is a reflection of the convergence of both the rigorous and approximation calculations of q,-,= transfer to a value of 1 as w approaches 0. Thus the approximation theory should become more accurate as w + 1.
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At the other end of the Thiele modulus spectrum, both rigorous and approximation calculations converge to a value of qmasstransfer of 0 as w approaches 00. The Table 1 numbers at the highest values of the Thiele modulus also reflect this.
The limiting condition says that if heat transfer effects are eliminated from Eq. (111-52), the result should approximate rigorous calculations of isothermal effectiveness factors. Table 1 shows that this limiting condition is satisfied.
The isothermal approximation, Eq. (IV-3), gives estimates that in some cases are not as accurate as those given by approximations of Suenson et al. (1983) and Haynes (1986 
The steady-state energy balance is (Iv-10) (IV-11)
Converting these equations to nondimensional form uses the same dimensionless concentration and radius as before, but employs a different dimensionless temperature. Let T e l = -.
T O
The Thiele modulus is evaluated at the exterior surface temperature:
Introducing the Damkohler Group IV (Catchpole and Fulford 1966) as a second parameter gives -~rL2Ae-E'RToCAo = -AH,~Ae-"C~,
The characteristic length L = R/3 is again employed. As for the isothermal case, the system possesses a split-boundary-value nature.
The dimensionless parameter used to characterize non-isothermality of intraparticle-reaction systems is the maximum intraphase adiabatic dimensionless temperature rise, Le.,
For an endothermic reaction (AHr > 0), p is negative. As an aside, combining Eqs. Table 2 shows that this formula does not begin to deviate significantly from higher-order Simpson's-rule approximations until the estimated effectiveness factor drops below 0.25. Thus for the higher effectiveness factors, the 3-term Simpson's rule is entirely adequate for estimating effectiveness factors, and is much simpler than any other relationship proposed to date. The 3-term Simpson's rule approximation converges to an estimated effectiveness factor of 0.17 at low Thiele-modulus values. As a result, use of the 3-term Simpson's rule should not be considered if the estimated effectiveness factor is below about 0.25.
For reactions with a higher endothermicity, with a p of -0.05, Tables 4 and 5 show the maximum deviation of the estimated effectiveness factor from the rigorous value to be 36%. This deviation again occurs at the lowest Thiele modulus and higher E. As before, deviations decrease with decreasing Thiele modulus and increasing effectiveness factor, until the deviations become less than 1% at the lowest Thiele moduli. Again the 3-term Simpson's-rule approximation gives excellent agreement with the higher rigorous Version of June 16, 1998 effectiveness factors, though this time the lower limit for good agreement is about 0.4. Below this value of effectiveness factor, higher-order Simpson's-rule computations are needed.
For the highest endothermicity (/3 = -0. l), Tables 6 and 7 show that 43% is the maximum deviation of the estimated from the rigorous factor. As in the previous two tables, the percentage deviation decreases with decreasing Thiele modulus and increasing effectiveness factor. At the lowest Thiele moduli, the estimated effectiveness factors once again lie within 1 % of the rigorous values. Table 1 , discussed earlier, presents the outcomes occurring when p = 0, and these results must be ---- For a reaction with this rate expression within an isothermal particle (T = To throughout the particle), For particular regions in the q-$ space of some exothermic reactions, there are multiple solutions of the system of equations (cf. Tinkler and Metzner 1961, Weisz and Hicks 1962) . Equation (111-52) will not Version of June 16, 1998 give multiple solutions, so it clearly is not applicable to this region of the q+ space of particular exothermic reactions.
5.
Extensions to non-spherical catalyst shapes. Deriving equivalent equations for cylindrical particles is straightfonvard. Wherever a p3 appevs in the derivation, a p2 is substituted, i.e., in approximations to temperature and concentration profiles. Then the variable y would equal p2 instead of p3, and integration is direct.
Deriving an equivalent equation for a slab particle is not as simple. Further manipulation of variables and parameters would be necessary, because a linear approximation to the temperature profile is not realistic.
B.
Applicability of Work 1. Simplicity of equations. As mentioned earlier, the trend in developing rational relationships for approximating effectiveness factors has been toward ever more simple equations. Relationships developed in this work continue this trend, being simpler and easier of application than any others proposed thus far.
2.
Criteria for absence of heat and mass transfer effects. Sections 1.B and 1.C mention that rational approximations for effectiveness factors can implement criteria for demonstrating absence of mass or heat effects in solid-catalyst-promoted reactions. Approximations developed in this work can serve this purpose easily. At values of q 2 0.95, the approximations predict effectiveness factors within 1% of rigorous values. As such, they can be used to judge absence of mass or heat transport effects using any reasonable criterion deemed appropriate by judgment of the investigator (e.g., q 2 0.98).
3. Isothermal systems. For n~-order isothermal systems, the quantity 174' is readily obtainable.
In addition, investigators present plots of q as a function of q42 for first-order systems (e.g., Prater 1954, Carberry 1976) . Thus for first-order isothermal systems, the value of q may be calculated rigorously as described in Section IV.A.2, it may be read off a plot of q as a fimction of q$' , or it may be estimated by using Eq. (IV-3) in the present work.. The rigorous calculation is annoying and tedious, and the graphs cannot be read to give precise values. Depending on the accuracy that an investigator desires, Eq. (IV-3) probably gives reasonable values and is the simplest approach available. If a situation requires more accuracy, the approximations of Suenson et al. (1983) or Haynes (1986) 
VI. CONCLUSIONS
A relationship for estimating effectiveness factors of spherical particles in n*-order isothermal systems is in which o equals the effectiveness factor times the Thiele modulus squared (q+2). Effectiveness factors calculated using this equation lie within 25% of factors calculated by solving the rigorous mass transfer equations for these systems over almost the entire possible range of effectiveness factors. Analogous expressions can be derived for at least some Langmuir-Hinshelwood isothermal systems.
A relationship for estimating effectiveness factors of spherical particles in nth-order nonisothermal systems is in which o has the same meaning as above, and u1 = l-(rAexpAHrR2/9TOh is a particularly simple relationship that gives 2-figure accuracy for the numerical integration at estimated effectiveness factors above 0.5.
The relationships can be used in a diagnostic fashion to determine whether mass or heat transport influences an endothermic fluid-porous solid reaction. At effectiveness factors greater than 0.95, they estimate factors within 1 % of those calculated by solution of rigorous mass and heat transport equations, so their use as diagnostic equations gives precise answers. The relationships for exothermic systems have potential for this use, but their accuracy is as yet undetermined.
These relationships are mathematically the simplest yet derived for these purposes. The terms in the summation alternate in sign, so the error any summation is less than that first omitted term. The final value agrees with the numerical evaluation of the integral. Both the series summation and the 9-term Simpson's rule numerical integration give solutions of qapprox = 0.66473, differing only in the sixth significant figure.
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